Locally compact abelian groups with symplectic self-duality by Prasad, Amritanshu et al.
ar
X
iv
:0
90
6.
43
97
v1
  [
ma
th.
GR
]  
24
 Ju
n 2
00
9
Locally Compact Abelian Groups
with symplectic self-duality
Amritanshu Prasad, Ilya Shapiro, and M. K. Vemuri
Abstract. Is every locally compact abelian group which admits a symplectic
self-duality isomorphic to the product of a locally compact abelian group and
its Pontryagin dual? Several sufficient conditions, covering all the typical ap-
plications are found. Counterexamples are produced by studying a seemingly
unrelated question about the structure of maximal isotropic subgroups of fi-
nite abelian groups with symplectic self-duality (where the original question
always has an affirmative answer).
1. The main questions
Let T denote the circle group, thought of as R/Z. The Pontryagin dual of a
locally compact abelian group is the locally compact abelian group Lˆ of continuous
homomorphisms L→ T, endowed with the compact open topology.
Definition (Symplectic self-duality). A self-duality of a locally compact abelian
group L is an isomorphism ∇ : L → Lˆ. If ∇(x)(x) = 0 for all x ∈ L, then ∇ is
called a symplectic self-duality.
Definition (Isotropic subgroup). Let ∇ be a self-duality of a locally compact
abelian group L. A subgroup N of L is said to be isotropic if ∇(x)(y) = 0 for all
x, y ∈ N .
Definition (Isomorphism of self-dualities). Let ∇ and∇′ be self-dualities of locally
compact abelian groups L and L′ respectively. The pairs (L,∇) and (L′,∇′) are
said to be isomorphic if there exists an isomorphism φ : L→ L′ such that
∇′(φ(x))(φ(y)) = ∇(x)(y).
If M and M ′ are subgroups in L and L′ respectively, and φ above can be chosen so
that φ(M) = M ′, then (L,∇,M) and (L′,∇′,M ′) are said to be isomorphic triples.
Example 1.1. For any locally compact abelian group A, let L0 = A × Aˆ, and
define ∇0 : L0 → Lˆ0 by
∇0(x, χ)(y, λ) = χ(y)− λ(x) for x, y ∈ A and χ, λ ∈ Aˆ.
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Then, ∇0 is a symplectic self-duality, which will be called the standard symplectic
self-duality of L0. Let B be any closed subgroup of A, in particular it can be A
itself or 0. Define
B⊥ = {χ ∈ Aˆ | χ(x) = 0 for all x ∈ B}.
Then M0 = B ×B⊥ is a maximal isotropic subgroup of L0.
Definition (Standard pairs and triples). Let ∇ be a symplectic self-duality of a
locally compact abelian group L. We say that (L,∇) is a standard pair (or that
∇ is standard) if it is isomorphic to some (L0,∇0) as in Example 1.1. Let M be a
maximal isotropic subgroup of L. Then (L,∇,M) is said to be a standard triple if
it is isomorphic to some (L0,∇0,M0) as in Example 1.1.
Locally compact abelian groups with symplectic self-duality arise naturally in
the context of Heisenberg groups (see Section 3). The applications of Heisenberg
groups to number theory and representation theory usually involve locally com-
pact abelian groups which are based on finite fields, local fields, or the ade`les of a
global field. In all these cases, the locally compact abelian groups with symplectic
self-duality are standard (see Theorem 4.6, Corollaries 5.5, 5.6 and 5.7, and The-
orem 11.3). The question of whether symplectic self-dualities of locally compact
abelian groups are always standard is of independent interest in view of the fact
that despite some progress (see Section 2) detailed structure theorems for general
self-dual locally compact abelian groups remain elusive. This question, which has
been open until now, is resolved here. In fact, we exhibit a group which admits
a symplectic self-duality but is not isomorphic to A × Aˆ for any locally compact
abelian group A (Theorem 11.2).
2. Overview
Although there is no classification of self-dual locally compact abelian groups
in general, a structure theorem for the metrizable torsion free ones was obtained
by M. Rajagopalan and T. Soundararajan [12]. Wu [19] was able to weaken the
hypotheses under which the structure theorem of [12] is valid, and provided a
structure theorem for divisible self-dual locally compact abelian groups.
The classical Pontryagin-van Kampen structure theorem [14, Theorem 2] states
that any locally compact abelian group can be written as a product of the additive
group of a finite dimensional real vector space and a locally compact abelian group
which contains a compact open subgroup. This theorem can be used to reduce
the study of self-dual locally compact abelian groups to those which contain a
compact open subgroup (see [6, Proposition 6.5]). Such groups may be regarded
as extensions over discrete abelian groups with kernels that are compact abelian
groups. In the context of self-duality extensions of the form
0 // G
f // L
q // Gˆ // 0
are of particular interest. In particular, one may look at those extensions for which
the dual extension
0 // G
qˆ // L
fˆ // Gˆ // 0
is equivalent to the original one (known as self-dual or autodual extensions). Such
self-dual groups were studied by Lawrence Corwin [4] usingH2(Gˆ, G) and by La´szlo´
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Fuchs and Karl H. Hofmann [5, 6] using Ext1(Gˆ, G). Corwin characterized the
cocycles which give rise to autodual extensions. He then used this characterization
to give a construction for autodual extensions. Fuchs and Hofmann [5] characterized
the compact abelian groups G for which all extensions over Gˆ with kernel G are
self-dual. They showed [6] that groups which have a symmetric self-duality (an
isomorphism ∇ : L→ Lˆ such that ∇ˆ = ∇) and a compact open isotropic subgroup
G which is its own orthogonal complement are precisely those which are autodual
extensions over Gˆ with kernel G (under the hypothesis that L is 2-regular, i.e.,
multiplication by 2 is an automorphism of L). Whether or not every self-dual
locally compact abelian group admits a strong self-duality is an open question.
R. Ranga Rao addressed the question of when locally compact abelian groups
with symplectic self-duality are standard in [13], where he tried to identify a class
of locally compact abelian groups where all symplectic self-dualities are standard.
While his paper contains valuable insights, the main theorem is false (Theorem 11.2
gives a counterexample).
The first three sections of this paper are introductory in nature, with Section 3
explaining the relation between locally compact abelian groups with symplectic
self-duality and the theory of Heisenberg groups.
Section 4 collects some general lemmas which are used later. The standardness
of all symplectic self-dualities of groups of prime exponent is also established here.
In Section 5, the main tool is a lemma of Ranga Rao (Lemma 5.1). This lemma
is systematically applied (Corollaries 5.5–5.7) to easily prove the standardness of
symplectic self-dualities for finite dimensional vector spaces over certain self-dual
topological fields and groups of finite p-rank (including finite groups).
In Section 6 the study of locally compact abelian groups with symplectic self-
duality is reduced to groups which have a compact open subgroup. In fact, stan-
dardness questions are reduced to the residual part (see Remark 6.4). As suggested
by the work of Fuchs and Hofmann [6], symplectic self-dualities of such groups are
studied using antidual extensions. Theorem 7.5, which is the symplectic analogue
of [6, Theorem 5.7A], characterizes locally compact abelian groups with compact
open subgroups and symplectic self-dualities in terms of antidual extensions. It
turns out that although the work of Corwin and of Fuchs and Hofmann cited above
concentrates largely on symmetric self-duality, the method that is used in this work
is actually even better suited to the study of symplectic self-duality. The reason is
that, unlike the situation for symmetric self-dualities, every locally compact abelian
group with a symplectic self-duality and a compact open subgroup has a compact
open isotropic subgroup which is its own orthogonal complement (Lemma 7.3).
Section 8 discusses the behaviour of symplectic self-duality under product decom-
positions of a compact open maximal isotropic subgroup. With the help of this
analysis, a simple homological criterion for standardness of triples is obtained in
Section 9.
The homological criterion for standardness (Theorem 9.1) tempts one into
thinking that it holds the key to proving the standardness of all symplectic self-
dualities. It turns out that non-standard triples exist even in the finite case (where
all symplectic self-dualities are known to be standard). Such examples are con-
structed in Section 10 by reducing the problem to one of matrix reduction. The
matrix reduction techniques can also be used to establish the standardness of triples
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when the compact open maximal isotropic subgroup is (Z/pkZ)l or Zlp (Theo-
rems 10.14 and 10.15).
In Section 11, a criterion for the standardness of topological torsion groups
(Theorem 11.1) in terms of their primary decomposition is obtained and used (to-
gether with the examples of non-standard triples in Section 10) to construct ex-
amples of locally compact abelian groups with symplectic self-dualities which are
not isomorphic to A× Aˆ for any locally compact abelian group A (Theorem 11.2).
Theorem 11.1 is also used to prove the standardness of symplectic self-dualities of
divisible groups (Theorem 11.3). The standardness of a symplectic self-duality of a
locally compact abelian group is often reduced to its topological torsion part (The-
orem 11.6 and Corollary 11.7). Finally it is shown that all symplectic self-dualities
of locally compact abelian groups with finite topological torsion part are standard
(Corollary 11.8).
It is worth pointing out that, in all of our standardness results (Theorem 4.6,
Proposition 5.4 and its corollaries, Theorem 11.3 and Corollary 11.8), it can be
inferred that all of the symplectic self-dualities on the locally compact abelian
group under consideration are isomorphic.
Acknowledgements. We are deeply indebted to Karl H. Hofmann whose insight-
ful report on an early attempt by A.P. and M.K.V. pointed us in the right direction.
His suggestions have influenced the writing to this article to a large extent. A.P.
and I.S. thank the IHE´S for its hospitality, and for the opportunity to collaborate.
I.S. also thanks the University of Waterloo.
3. Motivation: Heisenberg groups
Heisenberg groups were first introduced by Herman Weyl in his mathematical
formulation of quantum kinematics [18, Chap. IV, Section 14] as certain central ex-
tensions of locally compact abelian groups by T. Weyl envisioned that the abelian
groups concerned could be quite general, and besides real vector spaces, he con-
sidered finite abelian groups. The idea that Heisenberg groups provide an elegant
conceptual framework within which the foundations of harmonic analysis on locally
compact abelian groups can be developed has its genesis in Mackey’s work [9], and
is now well established. A discussion of this and of some other areas of mathematics
where Heisenberg groups play a prominent role can be found in [8].
Mackey’s conception of a Heisenberg group as described by Weil in [17, Sec-
tion 4] is the following: given a locally compact abelian group A, for each element
(x, χ) ∈ A× Aˆ, consider the unitary Weyl operator U(x, χ) on L2(A) given by
U(x, χ)f(z) = e2πiχ(z)f(z − x).
The composition of such operators is given by
U(x, χ)U(y, λ) = e−2πiλ(x)U(x+ y, χ+ λ).
Therefore, the operators e2πitU(x, χ), for t ∈ T, x ∈ A and χ ∈ Aˆ form a
subgroup of the group U(L2(A)) of unitary operators on L2(A) (endowed with
the strong operator topology). When T × A × Aˆ is given the product topology,
(t, x, χ) 7→ e2πitU(x, χ) defines a homeomorphic map from T×A× Aˆ onto its im-
age in U(L2(A)). The resulting group H is known as a Heisenberg group and is a
central extension of the form
0 // T // H // A× Aˆ // 0 .
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Note that the commutator on H is given by
U(x, χ)U(y, λ)U(x, χ)−1U(y, λ)−1 = e2πi(χ(y)−λ(x))U(0, 0).
It is for these groups that Mackey proved the Stone-von Neumann theorem: that
there is (up to unitary equivalence) only one irreducible unitary representation of
H with central character t 7→ e2πit (called the canonical representation).
It is natural to ask, for which locally compact abelian groups does there exist
a central extension by T such that there is (up to unitary equivalence) a unique
irreducible unitary representation where t ∈ T acts as scalar multiplication by e2πit.
Let H be a central extension:
(3.1) 0 // T // H // L // 0
which admits a continuous section over L. Thus H = T×L as a set, and the group
law is of the form
(t, x)(u, y) = (t+ u+ ψ(x, y), x+ y)
for some ψ : L× L→ T satisfying the cocycle condition
ψ(x, y) + ψ(x+ y, z) = ψ(x, y + z) + ψ(y, z) for all x, y, z ∈ L.
The commutator map (g, h) 7→ ghg−1h−1, which is a functionH×H→ T, descends
to an alternating bilinear map B : L× L→ T given by
B(x, y) = ψ(x, y)− ψ(y, x)
which is known as the commutator form for the extension (3.1). Define ∇B :
L → Lˆ by ∇B(x)(y) = B(x, y). Then H has a unique (up to unitary equivalence)
irreducible unitary representation such that t ∈ T acts as scalar multiplication by
e2πit if and only if ∇B is an isomorphism. In [10, Defn. 1.1], this condition is taken
as the definition of a Heisenberg group.
Suppose thatH′ is another Heisenberg group of the form (3.1) with the product
law
(t, x)(u, y) = (t+ u+ ψ′(x, y), x + y)
for some other 2-cocycle ψ′ : L× L→ T for which
ψ′(x, y)− ψ′(y, x) = B(x, y)
is the same alternating bilinear map as for H. Consider the central extension H0
(3.2) 0 // T // H0 // L // 0
where the group structure on the set H0 = T× L is given by
(3.3) (t, x)(u, y) = (t+ u+ ψ(x, y)− ψ′(x, y), x+ y).
The commutator form for H0 is given by
B0(x, y) = (ψ(x, y)− ψ
′(x, y))− (ψ(y, x)− ψ′(y, x)) = B(x, y) −B(x, y) = 0.
Therefore H0 is a locally compact abelian group. Since T splits from any locally
compact abelian group [1, 6.16], so (3.2) splits. Suppose that the splitting section
s : T→ H0 is given by x 7→ (α(x), x). Expanding the identity s(x + y) = s(x)s(y)
using (3.3) gives
(3.4) α(x+ y)− α(x) − α(y) = ψ(x, y)− ψ′(x, y).
Define φ : H→ H′ by (t, x) 7→ (t− α(x), x). Then,
φ((t, x)(u, y)) = φ(t+ u+ ψ(x, y), x + y) = (t+ u+ ψ(x, y)− α(x + y), x+ y)
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On the other hand,
φ(t, x)φ(u, y) = (t− α(x), x)(u − α(y), y) = (t+ u− α(x)− α(y) + ψ′(x, y), x+ y).
These are equal by (3.4). Therefore, we have an isomorphism of central extensions
0 // T // H //
φ

L // 0
0 // T // H′ // L // 0.
Conversely, it is easy to see that isomorphic central extensions of the type (3.1)
give rise to the same alternating bicharacter. A well-known result is obtained:
Proposition 3.5. The commutator form gives rise to an injective map from the
set of equivalence classes of Heisenberg groups whose quotient modulo T is L and
the set of symplectic self-dualities L→ Lˆ.
Under the above correspondence, Mackey’s Heisenberg groups correspond to
standard pairs.
Realizations of the canonical representation of a Heisenberg group where t ∈ T
acts as multiplication by θ(t) = e2πit are obtained by extending θ to a unitary
character of a maximal abelian subgroup of H and then inducing to H. The max-
imal abelian subgroups of H are precisely the pre-images of the maximal isotropic
subgroups of L with respect to the commutator form. The perfect realizations of
the canonical representation of H correspond precisely to systems of imprimitivity,
as is explained in [15]. The maximal systems of imprimitivity for the canonical
representation are expected to correspond to the maximal isotropic subgroups of
L. This has been shown when L is a finite dimensional real vector space in [15]
and when L is a finite abelian group in [11].
4. Generalities
Suppose that L has a product decomposition L =
∏
i Li. Then Lˆ =
⊕
L̂i,
where L̂i is identified with the characters of L which vanish on the kernel of the
projection L→ Li.
If L is a finite product
∏n
i=1 Li, and ∇i is a self-duality of Li, then L inherits
a symplectic self-duality ∇ by setting
∇(x1, . . . , xn)(y1, . . . , yn) =
n∑
i=1
∇i(xi)(yi).
The pair (L,∇) is called the orthogonal sum of the (Li,∇i)’s. Note that the
orthogonal sum of standard pairs is standard.
If ∇ is a self-duality of L, then A is an isotropic subgroup of L if and only if
A ⊂ ∇−1(A⊥) (recall that A⊥ is the subgroup of Lˆ consisting of characters which
vanish on A). If A = ∇−1(A⊥) then A is a maximal isotropic subgroup.
The following result is well-known, and very easy to prove:
Lemma 4.1. Let ∇ be a self-duality of a locally compact abelian group L. Suppose
that A is a closed isotropic subgroup of L. Let LA = ∇
−1(A⊥)/A. Then A⊥/∇(A)
is canonically isomorphic to the Pontryagin dual of LA, and ∇ descends to a well-
defined isomorphism ∇A : LA → L̂A. If ∇ is a symplectic or symmetric self-duality,
then so is ∇A.
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If L =
⊕
j∈J Lj and L
′ =
∏
i∈I L
′
i (possibly infinite decompositions) every
homomorphism φ : L→ L′ can be expressed uniquely in the form
φ
(∑
j
xj
)
i
=
∑
j
φij(xj),
where φij : Lj → L
′
i is a homomorphism for each i ∈ I and j ∈ J . When |I| and
|J | are finite it is convenient to denote φ by the |I| × |J | matrix (φij).
Lemma 4.2. Let ∇ be a symplectic self-duality of a locally compact abelian group
L. If there exist isotropic subgroups L1 and L2 of L such that L = L1 × L2 then
(L,∇, L1) is a standard triple.
Proof. As explained at the beginning of this section, Lˆ inherits a decompo-
sition L̂1 × L̂2. Using matrix notation for ∇ with respect to these decompositions
of L and Lˆ, the hypothesis implies that
∇ =
(
0 ∇12
−∇̂12 0
)
,
where ∇12 : L2 → L̂1 is an isomorphism. The map φ : L1 × L̂1 → L defined by
φ(x, χ) = (x,∇−112 (χ)) makes (L,∇, L1) standard. 
Lemma 4.3. Let ∇ be a symplectic self-duality of a locally compact abelian group
L. Let L1 be a maximal isotropic subgroup of L which admits a complement L2.
If multiplication by 2 is a surjective endomorphism of Hom(L2, L̂2) then L1 admits
an isotropic complement.
Proof. As usual, identify Lˆ with L̂1 × L̂2. The hypothesis implies that
∇ =
(
0 ∇12
−∇̂12 ∇22
)
,
where ∇̂22 = −∇22. Since ∇ is an isomorphism, so is ∇12. Let α be the automor-
phism α : L→ L with matrix
(
idL1 X
0 idL2
)
where X = ∇̂12
−1
◦X ′ and 2X ′ = ∇22.
Then
(4.4) αˆ ◦ ∇ ◦ α =
(
0 ∇12
−∇̂12 0
)
.
If L′2 = α(L2), then L
′
2 is also a complement of L1 and (4.4) implies that L
′
2 is
isotropic. 
Remark 4.5. Lemma 4.3 holds under a weaker hypothesis. Suppose that ∇22 =
φ− φˆ for some φ : L2 → L̂2. Then the proof goes through with X = −∇̂12
−1
◦ φ.
Let p be a prime number. Recall that a group has exponent p if every ele-
ment other than the identity has order p. Thus locally compact abelian groups of
exponent p are just locally compact Fp-vector spaces.
Theorem 4.6. If ∇ is a symplectic self-duality of a locally compact abelian group
L of exponent p for some prime p, then (L,∇) is standard.
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Proof. Being a locally compact vector space over a finite field, L has a com-
pact open subgroup (namely the span of a compact open neighborhood of the
identity) and so it has a maximal isotropic subgroup L1 by Lemma 7.4. As a vector
space L1 splits from L, but since the quotient is discrete, it splits as a topological
vector space as well. Therefore when p is odd, the standardness of (L,∇) follows
from Lemmas 4.2 and 4.3. For p = 2, denote by L2 any complement of L1. Being
a discrete abelian group of exponent p, L2 is isomorphic to (Z/2Z)
⊕λ for some
cardinal λ. Pick I such that λ is the cardinality of I so that ∇22 : L2 → L̂2 de-
composes into (∇22)ij as explained in the paragraph preceding Lemma 4.2. Note
that (∇22)ii = 0 and (∇22)ij = −̂(∇22)ji. Choose a total ordering of I. Define
φ : L2 → L̂2 by
φij =
{
(∇22)ij if i > j
0 otherwise.
Then ∇22 = φ− φˆ and Remark 4.5 applies. 
5. The peeling lemma and some applications
The following lemma, originally due to Ranga Rao [13, Lemma 13], allows one
to peel off an isotropic summand and its Pontryagin dual from a self-dual group,
thereby decomposing it into the orthogonal sum of a smaller self-dual group and a
group of the form A × Aˆ. It will be used to establish the standardness of locally
compact abelian groups with symplectic self-duality when the group in question is
a finite direct sum of certain kinds of elementary subgroups (see Proposition 5.4).
Lemma 5.1 (Peeling lemma). Let ∇ be a self-duality of a locally compact abelian
group L. Suppose that A is a split closed isotropic subgroup of L. Then (L,∇) is
isomorphic to the orthogonal direct sum of (A× Aˆ,∇′) and (LA,∇A), where ∇
′ is
a symplectic self-duality of A × Aˆ for which A is isotropic and (LA,∇A) is as in
Lemma 4.1.
Proof. Suppose that L = A × B. Then ∇−1(A⊥) = A × (∇−1(A⊥) ∩ B).
Note that Lˆ inherits the decomposition A⊥ × B⊥, so that L = A × ∇−1(B⊥) ×
(∇−1(A⊥)∩B). Now B⊥ is isomorphic to Aˆ. Furthermore, it is clear that the first
two factors are orthogonal to the third, which is isomorphic to LA in such a way
that the induced self-duality on it is ∇A. 
Definition (Universally isotropic group). A locally compact abelian group L is said
to be universally isotropic if there exists no non-trivial homomorphism ∇ : L→ Lˆ
such that ∇(x)(x) = 0 for all x ∈ L.
Universally isotropic subgroups are isotropic for any locally compact abelian
group with symplectic self-duality.
Definition (Topologically locally cyclic group). A topological group is said to be
topologically locally cyclic if it has a dense locally cyclic subgroup (a group is locally
cyclic is every finitely generated subgroup is cyclic).
Besides cyclic groups, R, Qp, Zp, Qp/Zp, Q, Q/Z and T are some examples
of topologically locally cyclic groups.
Lemma 5.2. Topologically locally cyclic locally compact abelian groups are univer-
sally isotropic.
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Proof. Let E be the locally cyclic dense subgroup of L. Given any x, y ∈ E,
since the group generated by x and y is cyclic, there exists z ∈ E such that x = mz
and y = nz for some integers m and n. Consequently, ∇(x)(y) = mn∇(z)(z) = 0.
Since E × E is dense in L× L and ∇ is continuous, ∇ ≡ 0. 
Remark 5.3. Lemma 5.2 implies that a locally cyclic group can not have a sym-
plectic self-duality even if it is self-dual.
Proposition 5.4. Let {Li} be a collection of universally isotropic locally compact
abelian groups such that each Li is either 2-regular or has a universally isotropic
Pontryagin dual. Let C be a class of locally compact abelian groups such that each
L ∈ C is isomorphic to a unique finite direct sum of the groups Li or L̂i, and such
that if L = L′ × L′′ with L,L′ ∈ C, then L′′ ∈ C. If ∇ is a symplectic self-duality
of L ∈ C then (L,∇) is standard.
Proof. For L ∈ C, define the rank of L to be the number of summands in the
decomposition of L into groups of the form Li or L̂i. Proposition 5.4 is proved by
induction on the rank of L. If L has rank 0, there is nothing to prove. Otherwise,
the self-duality of L and the uniqueness of its decomposition ensure that L has a
summand of the form Li. Now apply the peeling lemma (Lemma 5.1) to L with
A = Li. Lemmas 4.2 and 4.3 imply that the A× Aˆ factor is standard. LA is also in
C and has rank two less than that of L, and is therefore standard by the induction
hypothesis. 
Corollary 5.5. Let F be one of the topological fields R, Qp or Z/pZ (p any prime
number). Let ∇ be a symplectic self-duality of the additive group L of a finite
dimensional vector space over F . Then (L,∇) is standard.
Proof. As L is isomorphic to a unique finite direct sum of one-dimensional
subspaces which are topologically locally cyclic, Proposition 5.4 applies. 
Definition (Topological torsion group, topological p-group). A locally compact
abelian group G is said to be a topological torsion group (topological p-group)
if it has a compact open subgroup G such that Gˆ and L/G are torsion groups
(respectively, p-torsion groups, i.e., every element is annihilated by some power of
p).
Definition (Finite p-rank). A topological p-group L is said to have finite p-rank
if it has a compact open subgroup G such that Gˆ and L/G have finite p-rank (an
abelian group is said to have finite p-rank if its subgroup of elements annihilated
by p is finite).
Corollary 5.6. If ∇ is a symplectic self-duality of L, which is a direct sum over a
finite number of primes p of groups of finite p-rank then (L,∇) is standard.
Proof. Our L is isomorphic to a unique finite direct sum of the topologically
locally cyclic groups Qp, Zp, Qp/Zp and finite cyclic p-groups, where p ranges over
the finite set of prime numbers above (see [7, Lemma 2.8 and Proposition 2.9] and
[16, Theorem 13]). Therefore Proposition 5.4 applies. 
Corollary 5.7. If ∇ is a symplectic self-duality of a finite abelian group L, then
(L,∇) is standard.
Proof. This is a special case of Corollary 5.6. 
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6. Reduction to residual groups
The Pontryagin-van Kampen theorem states that every locally compact abelian
group can be written asRn×E for a unique non-negative integer n and some locally
compact abelian group E which has a compact open subgroup. E is completely
determined by L up to isomorphism [2, Corollary 1].
Definition (Residual group). For a locally compact abelian group L, let B(L) de-
note the subgroup of compact elements (elements which are contained in a compact
subgroup of L), and let D(L) denote the maximal divisible subgroup of L. L is
said to be residual if D(L) ⊂ B(L) and D(Lˆ) ⊂ B(Lˆ).
A refinement of the Pontryagin-van Kampen theorem is Robertson’s structure
theorem [2, Theorem 2]:
Theorem 6.1. Every locally compact abelian group L can be written as
(6.2) L ∼= Rn ×Q⊕λ × Qˆµ × E
where n is a non-negative integer, λ and µ are cardinal numbers, and E is a residual
locally compact abelian group. The group L determines n, λ, µ and the isomorphism
class of E uniquely.
It is clear from the above result that L is self-dual if and only if λ = µ and E
is self-dual.
Theorem 6.3. Let L be a locally compact abelian group with decomposition as
in Theorem 6.1. Every symplectic self-duality ∇ of L gives rise to a symplectic
self-duality ∇′ of E. The pair (L,∇) is standard if (E,∇′) is a standard pair.
Proof. If ∇ is a symplectic self-duality of L, using the peeling lemma and
induction on n, one may reduce to the case where n = 0. The factor Qˆµ is connected
and compact, with discrete torsion-free Pontryagin dual. Therefore, there are no
non-trivial homomorphisms from Qˆµ to its Pontryagin dual. Therefore Qˆµ is an
isotropic factor. By the peeling lemma, (L,∇) is the orthogonal sum of a symplectic
self-duality onQ⊕µ×Qˆµ for which Qˆµ is isotropic (which is standard by Lemmas 4.2
and 4.3) and a self-dual group with no Qˆµ-part, and hence, by self-duality also no
Qλ-part, namely a residual group. This group is isomorphic to E by the uniqueness
part of Robertson’s structure theorem (Theorem 6.1). Thus (L,∇) is an orthogonal
sum of a standard pair and (E,∇′), where ∇′ is a symplectic self-duality of E. If
(E,∇′) is standard, then (L,∇), being an orthogonal sum of standard pairs, is a
standard pair. 
Remark 6.4. In view of Theorem 6.3, Theorem 4.6 and Corollaries 5.5–5.7 continue
to hold when the hypotheses are applied only to the residual part of L.
7. Duality of extensions
Let G be a compact abelian group and suppose that L is an extension over the
discrete group Gˆ with kernel G:
(ξ) 0 // G
f // L
q // Gˆ // 0 .
There is exactly one topology on L under which f and q are continuous, the one
where a system of open neighborhoods of 0 is generated by the open neighborhoods
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of 0 in G. Thus, the algebraic structure of the extension determines it topologically.
Equivalence classes of such extensions are in bijective correspondence with elements
of the Baer group E(Gˆ, G) (see [3, XIV.1]). Applying Pontryagin duality to ξ gives
another extension of the same type
(ξˆ) 0 // G
qˆ // L
fˆ // Gˆ // 0 .
Thus, Pontryagin duality induces an involution ξ 7→ ξˆ of E(Gˆ, G).
Definition ([5, Definition 3.3]). The extension ξ is said to be autodual (antidual)
if ξˆ = ξ (respectively, ξˆ = −ξ).
Remark 7.1. If ξ is an autodual or antidual extension, then there exists an iso-
morphism ∇ : L→ Lˆ such that
(7.2) (ξ) 0 // G
f // L
∇

q // Gˆ
ǫ

// 0
(ξˆ) 0 // G
qˆ
// Lˆ
fˆ
// Gˆ // 0
is a commutative diagram, with ǫ = idGˆ in the autodual case, and ǫ = −idGˆ in the
antidual case.
Lemma 7.3. Let ∇ be a symplectic self-duality of a locally compact abelian group
L and suppose that G is a compact open subgroup of L for which ∇−1(G⊥) = G,
i.e., G is maximal isotropic. When f : G → L denotes the inclusion map and
q : L → Gˆ is defined by q(x)(g) = ∇(f(g))(x) for all x ∈ L and g ∈ G, (7.2) has
exact rows and commutes (with ǫ = −idGˆ).
Proof. Since G = ∇−1(G⊥), the kernel of q is G. Since any character of G
can be extended to L, and ∇ : L→ Lˆ is an isomorphism, q is surjective. It remains
to check that (7.2) commutes (with ǫ = −1). Indeed, for g ∈ G and x ∈ L,
qˆ(g)(x) = q(x)(g)
= ∇(f(g))(x),
showing that the box on the left commutes. Also, for x ∈ L and g ∈ G,
fˆ(∇(x))(g) = ∇(x)(f(g))
= −∇(f(g))(x)
= −q(x)(g),
showing that the box on the right commutes. 
Lemma 7.4. Let ∇ be a symplectic self-duality of a locally compact abelian group
L. If L has a compact open subgroup, then L has a compact open maximal isotropic
subgroup.
Proof. According to [6, Proposition 4.6], L has a compact open subgroup G
such that G ⊂ ∇−1(G⊥) and ∇−1(G⊥)/G is finite. If G 6= ∇−1(G⊥), pick any
x ∈ ∇−1(G⊥) \G. Let G′ be the subgroup of L generated by G and x; it is again
compact and open. Since ∇ is a symplectic self-duality, ∇(x)(x) = 0. It follows that
G ( G′ ⊂ ∇−1(G′⊥) ⊂ ∇−1(G⊥). Thus, by replacing G with G′, the index of G in
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∇−1(G⊥) can be reduced. In a finite number of steps, a compact open subgroup G
is obtained for which G = ∇−1(G⊥), so G is a maximal isotropic subgroup. 
Theorem 7.5. Let L be a locally compact abelian group. Consider the following
statements:
(7.5.1) The group L has a compact open subgroup and admits a symplectic
self-duality.
(7.5.2) There exists a compact abelian group G such that L is an antidual
extension over Gˆ with kernel G.
Then (7.5.1) implies (7.5.2). If L is 2-regular, then (7.5.1) and (7.5.2) are equiva-
lent.
Proof that (7.5.1) implies (7.5.2). By Lemma 7.4, L has a compact open
maximal isotropic subgroup G. By Lemma 7.3 and Remark 7.1, L is an antidual
extension over Gˆ with kernel G. 
Proof that (7.5.2) implies (7.5.1). Assume that L is an antidual extension
over Gˆ with kernel G. By Remark 7.1, there exists an isomorphism ∇ : L→ Lˆ such
that (7.2) (with ǫ = −idGˆ) commutes. Dualizing (7.2) gives
0 // G
f //
−idG

L
q //
∇ˆ

Gˆ // 0
0 // G
qˆ
// Lˆ
fˆ
// Gˆ // 0.
The commutativity of the above diagram is equivalent to the commutativity of
0 // G
f // L
−∇ˆ

q // Gˆ
−id
Gˆ

// 0
0 // G
qˆ
// Lˆ
fˆ
// Gˆ // 0.
Therefore (7.2) continues to commute when ∇ is replaced by −∇ˆ, and hence also
when it is replaced by (∇− ∇ˆ)/2, which is a symplectic self-duality. 
8. Extensions and products
Suppose that G =
∏
iGi (a possibly infinite product). Starting with the ex-
tension ξ of Section 7, construct the diagram
(8.1) (ξ) 0 // G
f //
pi


L
q //

Gˆ // 0
(ξi∗) 0 // Gi
fi∗ // Li∗
qi∗ //

Gˆ // 0
(ξij) 0 // Gi
fij // Lij
OO
qij // Gˆj //
pˆj
OO
0
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by first constructing Li∗ as a push-out of the square on the top-left, where pi
denotes the projection onto the ith component, completing the second row using
the universal property of the the push-out, constructing Lij as the pull-back in
the square on the bottom right and completing the third row using the universal
property of pull-backs. Note that L (together with the map q : L → Gˆ) can be
recovered from the extensions ξi∗ as the fibred product of the qi∗ : Li∗ → Gˆ’s. Each
Li∗ (together with the maps fi∗ : Gi → Li∗) can in turn be recovered from the
extensions ξij as the fibred coproduct of the fij : Gi → Lij ’s. In fact, ξ 7→ (ξij) is
the standard isomorphism [3, VI, Proposition 1.2]:
E(Gˆ, G)→˜
∏
i,j
E(Gˆj , Gi).
The same family of extensions is obtained by first taking a pull-back and then a
push-out:
(8.2) (ξ) 0 // G
f // L
q //

Gˆ // 0
(ξ∗j) 0 // G
f∗j //
pi


L∗j
OO
q∗j //

Gˆj
pˆj
OO
// 0
(ξij) 0 // Gi
fij // Lij
qij // Gˆj // 0
Lemma 8.3. The extensions ξ̂ij and (ξˆ)ji are equivalent.
Proof. Applying Pontryagin duality to (8.1) is the same as starting with ξˆ
and applying the construction of (8.2) to it, but with i and j interchanged. The
former results in ξ̂ij , while the latter results in (ξˆ)ji. 
Lemma 8.4. Suppose that ξ is autodual (antidual) and there exists ∇ : L → Lˆ
such that (7.2) commutes with ǫ = idGˆ (respectively, ǫ = idGˆ) and such that ∇ˆ = ∇
(respectively, ∇ˆ = −∇). Then (ξˆ)ij = ξij (respectively, (ξˆ)ij = −ξij) in E(Gˆj , Gi).
Proof. The constructions of (8.1) and (8.2) are functorial, and when applied
to both rows of (7.2), give rise to equivalences ∇ij : Lij → L̂ij . 
9. Standard triples viewed as extensions
Let A be a locally compact abelian group which has a compact open subgroup
B. Then B⊥ is a compact open subgroup of Aˆ. Consider the standard triple
(L0,∇0, G0) as in Example 1.1, where L0 = A× Aˆ and G0 = B ×B⊥. Since G0 is
compact open, we may think of L0 as an extension
(ξ0) 0 // G0
f0 // L0
q0 //
Ĝ0
// 0
by Lemma 7.3. Applying the construction of (8.1) to the product decomposition
G = B×B⊥ gives four extensions ξ0ij , i, j ∈ {1, 2}. Keeping track of the morphisms
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functorially induced by ∇0 one gets
(ξ012) 0 // B
f0
12 // A
q0
12 //
∇0
12

B̂⊥
−1

// 0
0 // B
cq0
21
// A
cf0
21
//
B̂⊥
// 0,
where f012 is the inclusion map B → A, q
0
12 is the restriction of an element of A (a
character of Aˆ) to B⊥ and ∇012 takes an element of A to its inverse,
(ξ021) 0
// B⊥
f0
21 // Aˆ
q0
21 //
∇0
21

Bˆ
−1

// 0
0 // B⊥
cq0
12
// Aˆ
cf0
12
// Bˆ // 0,
where f021 is the inclusion map B
⊥ → Aˆ, q021 takes a character of A to the inverse
of its restriction to B and ∇021 is the identity map,
(ξ011) 0 // B
f0
11 // B × Bˆ
∇0
11

q0
11 // Bˆ //
−1

0
0 // B
cq0
11
// Bˆ ×B
cf0
11
// Bˆ // 0,
where f011(x) = (x, 0), q
0
11(x, χ) = −χ and ∇
0
11(x, χ) = (χ,−x) for x ∈ B and
χ ∈ Bˆ, and finally,
(ξ022) 0
// B⊥
j0
22 //
B̂⊥ ×B⊥
∇0
22

q0
22 //
B̂⊥
−1

// 0
0 // B⊥
q0
22
//
B⊥ × B̂⊥
cq0
22
//
B̂⊥
// 0.
where f022(χ) = (0, χ), q
0
22(x, χ) = x and ∇
0
22(x, χ) = (χ,−x) for x ∈ B̂
⊥, χ ∈ B⊥.
In particular, ξ011 and ξ
0
22 are split.
Theorem 9.1. Let ∇ be a symplectic self-duality of a locally compact abelian group
L which has a compact open subgroup. Let G be a compact open maximal isotropic
subgroup of L. Consider the following statements:
(9.1.1) The triple (L,∇, G) is standard.
(9.1.2) The group G admits a decomposition G = G1 × G2 such that the
extensions ξ11 and ξ22 obtained by applying (8.1) to the extension ξ
constructed in Lemma 7.3 are split.
Then (9.1.1) implies (9.1.2). If G is 2-regular then (9.1.1) and (9.1.2) are equivalent.
Proof. That (9.1.1) implies (9.1.2) is clear from the discussion preceding the
statement of Theorem 9.1.
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For the converse, set A = L12 and B = G1. Observe that B is a subgroup of
A via the inclusion f12. Thus A/B = B̂⊥ is identified with Ĝ2, hence B
⊥ with
G2. Let ξ denote the extension associated to the triple (L,∇, G) by Lemma 7.3.
An isomorphism φ : L0 → L with the required properties will be constructed by
constructing isomorphisms φij : L
0
ij → Lij which give equivalences of extensions
between ξ0ij and ξij for all i, j ∈ {1, 2}.
Let φ12 : A → L12 be the identity map, φ21 : Aˆ → L21 be ∇
−1
21 φ̂12
−1
. Since
the extensions ξ11 and ξ22 are split and G is 2-regular, Lemmas 4.2 and 4.3 imply
that (Lii,∇ii, Gi) are standard, giving isomorphisms φii : L
0
ii → Lii which give
equivalences of the extensions ξ0ii and ξii for i ∈ {1, 2}.
The isomorphisms φij above have been chosen in such a way that
L0ij
∇0ij //
φij

(L̂0)ij
Lij
∇ij //// (Lˆ)ij
cφji
OO
commutes. Recall that ξ can be recovered from the ξij ’s using fibred products
and coproducts (Section 8). By the universal properties of fibred products and
coproducts, there is an induced map φ : L0 → L, which gives an isomorphism
between (L0,∇0, G0) and (L,∇, G). 
10. Extensions of finite p-groups, non-standard triples
For each finite non-increasing sequence (λ1, . . . , λl) of positive integers let p
λ
denote the function (x1, . . . , xl) 7→ (p
λ1x1, . . . , p
λlxl). Let
T[pλ] = {µ ∈ Tl : pλ(µ) = 0},
Z/pλ = Zl/pλ(Zl).
Note that T[pλ] and Z/pλ are mutual Pontryagin duals under the pairing
((µ1, . . . , µl), (x1, . . . , xl)) 7→ µ1x1 + · · ·+ µlxl.
To the projective resolution
0 // Zl
pλ // Zl
p−λ // T[pλ] // 0
apply the contravariant functor Hom(−,Z/pλ) to get the exact sequence
(10.1) Hom(Zl,Z/pλ)
◦pλ // Hom(Zl,Z/pλ)
∂ // E(T[pλ],Z/pλ) // 0.
To an l × l matrix α = (αij) with integer entries, associate the homomorphism
Zl → Z/pλ which takes the ith coordinate vector ei to the image of (αi1, . . . , αil) in
Z/pλ. Its image ∂(α) in E(T[pλ],Z/pλ) is determined by the values of αij modulo
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pmin{λi,λj} and the extension ξ(α) corresponding to ∂(α) is given by the push-out
(10.2) 0 // Zl
pλ //
α


Zl
p−λ //
β

T[pλ] // 0
(ξ(α)) 0 // Z/pλ
f
// L q
// T[pλ] // 0
with the map q : L→ T[pλ] determined by the universal property of the push-out
and the maps
Zl
pλ //
α

Zl
p−λ

Z/pλ
0
// T[pλ].
In what follows, we will always replace the entries of α in such a way that 0 ≤ αij <
pmin{λi,λj}.
Remark 10.3. From the explicit construction of the push-out in (10.2), one sees
that the group L is the quotient of Z2l by the column space of the block matrix(
pλ −α
0 pλ
)
∈ M2l(Z). After left and right multiplication by elements of GL2l(Z)
this matrix can be reduced to Smith canonical form, namely a diagonal matrix with
entries pµ1 , pµ2 , . . . , pµ2l , with µ1 ≥ µ2 ≥ · · · ≥ µ2l ≥ 0. Therefore L is isomorphic
to Z/pµ1 × · · · × Z/pµ2l . The rank of L is 2l less the number of µi which are 0, or
in other words, 2l− rankZ/pZ(α¯), where α¯ is the image of α in Ml(Z/pZ).
Starting with the injective resolution
0 // Z/pλ
dp−λ // Tl
cpλ // Tl // 0
apply the covariant functor Hom(T[pλ],−) to get the exact sequence
Hom(T[pλ],Tl)
cpλ◦ // Hom(T[pλ],Tl)
∂∗ // E(T[pλ],Z/pλ) // 0.
Starting with αˆ : T[pλ] → Tl (the adjoint of α : Zl → Z/pλ described above), an
extension ξ∗(α) with class ∂∗(α) is constructed as a pullback
(10.4) (ξ∗(α)) 0 // Z/pλ
f∗ // L∗
q∗ //


T[pλ] //
αˆ

0
0 // Z/pλ
dp−λ
// Tl
cpλ
// Tl // 0.
Since (10.4) is the Pontryagin dual of (10.2),
(10.5) ξ∗(α) = ξ̂(α).
Proposition 10.6. For any l × l matrix α with integer entries ξ∗(αt) = ξ(α).
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Proof. Start with (10.2). Since Zl is projective, there exists γ˜ such that the
diagram
Zl
γ˜
~~
cαt◦p−λ

Tl
cpλ
// Tl // 0
commutes. This choice of γ˜ ensures that the diagram
Zl
pλ //
α

Zl
γ˜

Z/pλ
dp−λ
// Tl
commutes. By the universal property of the push-out, there exists a morphism
γ : L→ Tl such that the diagram
(10.7) 0 // Zl
pλ //
α


Zl
p−λ //
β

T[pλ] // 0
0 // Z/pλ
f // L
q //
γ


T[pλ] //
cαt

0
0 // Z/pλ
dp−λ
// Tl
cpλ
// Tl // 0
commutes. We will show that the square on the bottom right is indeed Cartesian.
Let L′ be the pullback
L′ //


T[pλ]
cαt

Tl
cpλ // Tl
Comparison with (10.4) shows that L′ is an extension ξ∗(αt) over T[pλ] with kernel
Z/pλ. By the universal property of pullbacks, there is a morphism L→ L′ which is
in fact a morphism of extensions, hence an isomorphism, showing that the square
on the bottom right of (10.7) is Cartesian. The top half of (10.7) shows that the
extension in its second row is ξ(α), while the bottom half shows that the same
extension is ξ∗(αt). 
Theorem 10.8. For any l × l-matrix α with integer entries, ξ̂(α) = ξ(αt).
Proof. This is an immediate consequence of (10.5) and Proposition 10.6. 
Corollary 10.9. For any l × l-matrix α with integer entries, ξ(α) is autodual
(antidual) if and only if αji ≡ αij mod p
min{λi,λj} (respectively, αji ≡ −αij
mod pmin{λi,λj}).
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Let ∇ be a symplectic self-duality of a finite abelian p-group L with a maxi-
mal isotropic subgroup G. Since G is a finite p-group, there exists a unique non-
decreasing sequence λ = (λ1, . . . , λl) such that G is isomorphic to Z/p
λ. Fixing an
isomorphism φ : G→˜Z/pλ gives an extension
(ξφ) 0 // Z/pλ
f // L
q // T[pλ] // 0 .
The above extension is equivalent to ξ(αφ) for some matrix αφ as explained above.
In what follows, an automorphism of Z/pλ will be identified with an automor-
phism of Zl which preserves pλ(Zl), i.e., an l × l-matrix with integer entries and
determinant ±1 such that p−λ ◦ σ ◦ pλ is also an integer matrix.
Lemma 10.10. Let φ and φ′ be two isomorphisms G → Z/pλ. Let σ = φ′ ◦ φ−1.
Then αφ′ = σαφσ
t.
Proof. Since ξφ = ξ(αφ), there is a commutative diagram
(10.11) 0 // Zl
pλ //
αφ


Zl
p−λ //
β

T[pλ] // 0
(ξφ) 0 // Z/pλ
σ

j // L
q // T[pλ] // 0
(ξφ′) 0 // Z/pλ
j◦σ¯−1
// L
σˆ−1◦q
// T[pλ] //
σˆ
OO
0
whence
0 // Zl
pλ //
σ¯◦αφ◦σ
t


Zl
p−λ //
β◦(σλ)t

T[pλ] // 0
(ξφ′) 0 // Z/pλ
j◦σ¯−1
// L
ˆ¯σ−1◦q
// T[pλ] // 0
from which one may conclude that ξφ′ = ξ(σασ
t). 
Definition (Bipartite matrix). An l × l matrix α is said to be bipartite if there
exists a partition {1, . . . , l} = S
∐
T , where S and T are non-empty, such that
αij ≡ 0 mod p
min{λi,λj} if i and j are both in S or both in T .
Theorem 10.12. Let ∇ be a symplectic self-duality on a finite abelian p-group L.
Let G be a maximal isotropic subgroup of L. Consider the following statements
(10.12.1) The triple (L,∇, G) is standard.
(10.12.2) There exists an isomorphism φ : G→ Z/pλ such that ξφ = ξ(α) for a
bipartite matrix α.
Then (10.12.1) implies (10.12.2). If p 6= 2 then (10.12.1) and (10.12.2) are equiva-
lent.
Proof. In the finite case, the condition (9.1.2) is equivalent to α being bipar-
tite for some isomorphism φ : G → Z/pλ. Therefore, Theorem 10.12 follows from
Theorem 9.1. 
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Theorem 10.13 (Example of a non-standard triple). Let p be an odd prime, and
let N ≥ s ≥ 4 be two integers. Let λ = (psN , p(s−1)N , . . . , pN ). Let
α =

0 ps−2 ps−3 · · · p 1
−ps−2 0 ps−4 · · · 1 0
−ps−3 −ps−4 0 · · · 0 0
...
...
...
. . .
...
...
−p −1 0 · · · 0 0
−1 0 0 · · · 0 0

.
Let ξ(α) be the extension over T[pλ] with kernel Z/pλ as in (10.2). Suppose that
∇ is a symplectic self-duality of L for which Z/pλ is a maximal isotropic subgroup
(∇ exists by Theorem 7.5). Then (L,∇,Z/pλ) is not a standard triple.
Proof. By Theorem 10.12 and Lemma 10.10 it suffices to show that there
does not exist any automorphism σ of Z/pλ such that σασt is bipartite. The
transformations α 7→ σασt can all be achieved by a sequence of row and column
operations of the following types:
βia: multiplication of the ith row and ith column by an integer a such that
(a, p) = 1,
πij : interchange of ith and jth rows and columns when λi = λj ,
θija: addition of a times the jth column to the ith column, followed by
addition of a times the jth row to the ith row when pmax{0,λi−λj}
divides a.
None of these operations can change the valuation of any entry of α that lies on
or above the skew-diagonal. In particular, α is sparser than any matrix that can
be obtained from it by transformations of the above type. Therefore, it suffices to
show that α itself is not bipartite. For any partition of {1, . . . , s} = S
∐
T as in
Definition 10, one may assume, without loss of generality that 1 ∈ S. Since all but
the first entry of the first row are non-zero, {2, . . . , s} ⊂ T . But both 2 and s can
not be in T , since the entry in the second row and sth column is 1. Therefore no
such partition can exist, so α is not bipartite. 
Theorem 10.14. Let ∇ be a symplectic self-duality on a finite abelian group L.
If G is a maximal isotropic subgroup isomorphic to (Z/pkZ)l for some positive
integers k and l and some odd prime p, then (L,∇, G) is a standard triple.
Proof. Fix an isomorphism of G with (Z/pkZ)l. Then L corresponds to
the extension ξ(α), where αij + αji ≡ 0 mod p
k for all i, j. Using the row and
column operations in the proof of Theorem 10.13 we will reduce α to a bipartite
matrix. We may assume that l ≥ 2. Find an entry of α with lowest valuation at
p. By interchanging rows and columns, bring this entry to the (1, 2)th position.
Use it to clear out all the other entries in the first row and in the second column
(and therefore, by skew-symmetry, all the entries in the second row and in the
first column) by operations of the type θija. These operations are admissible since
λi = λj .
Repeat the above process with the (l−2)×(l−2) submatrix in the bottom right
corner (this does not disturb the already cleared rows and columns) to eventually
obtain a bipartite matrix when S and T are taken to be the even and odd numbers
in {1, . . . , l} respectively. 
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Theorem 10.15. Let ∇ be a symplectic self-duality on a locally compact abelian
group L. If G is a compact open maximal isotropic subgroup isomorphic to Zlp for
some odd prime p and some positive integer l then (L,∇, G) is a standard triple.
Proof. Choose an isomorphism φ : G → Zlp. We claim that a ξ ∈ E(Gˆ, G)
can be uniquely represented by an l × l matrix α ∈Ml(Zp) using φ. Furthermore,
a different choice of φ results in a different matrix, namely σασt, for some σ ∈
GLl(Zp).
Indeed, E(Gˆ, G) = E(lim
−→
Ĝk, G), where Gk = G/p
kG, so that E(Gˆ, G) =
lim
←−
E(Ĝk, G). Using a projective resolution of (Z/p
kZ)l as at the beginning of this
section, φ can be used to identify E(Ĝk, G) with Ml(Z/p
kZ) and the claim follows.
Now the rest of the proof of Theorem 10.14 goes through verbatim. 
11. Topological torsion groups, divisible groups, non-standard pairs
We recall some basic facts about the primary decomposition of a topological
torsion group, referring the reader to [1, Chapters 2 and 3] for further details.
For each prime p, a topological torsion group L has a unique closed subgroup Lp
which is a topological p-group such that L is the restricted product
∏′
p(Lp, Gp)
for some compact open subgroups Gp of Lp. Recall that the restricted product∏′
p(Lp, Gp) is defined to be the subgroup of
∏
p Lp that consists of sequences
{xp} with all but finitely many xp in Gp. Thus it is enough to specify Gp for all
but finitely many primes p. If L′ is another topological torsion group with the
primary decomposition
∏′
p(L
′
p, G
′
p) then any map between L and L
′ respects the
decompositions, in particular any isomorphism φ : L→ L′ maps Lp isomorphically
onto L′p for all p in such a way that φ(Gp) = G
′
p for all but finitely many p.
Conversely, given isomorphisms φp : Lp → L
′
p such that φ(Gp) = G
′
p for all but
finitely many p, there exists a unique isomorphism φ : L→ L′ whose restriction to
Lp is φp.
Theorem 11.1. Let ∇ be a symplectic self-duality of a topological torsion group
L. Let L =
∏′
p(Lp, Gp) be the primary decomposition of L. Then
(11.1.1) The restriction ∇p of ∇ to Lp takes values in L̂p and is a symplectic
self-duality of Lp.
(11.1.2) The compact open subgroup Gp is a maximal isotropic subgroup of Lp
for all but finitely many p.
(11.1.3) The pair (L,∇) is standard if and only if (Lp,∇p) is a standard pair
for each p and (Lp,∇p, Gp) is a standard triple for all but finitely many
p.
Proof. Since the primary decomposition of Lˆ is
∏′
p(L̂p, G
⊥
p ) we see that
(11.1.1) follows. Furthermore, for all but finitely many p the map ∇p : Gp → G
⊥
p
is an isomorphism, so that (11.1.2) follows.
It remains to prove (11.1.3). Suppose that φ : A × Aˆ → L is an isomorphism
that takes the standard symplectic self-duality to ∇. Note that the induced sym-
plectic self-duality on Ap × Âp is also standard. Let
∏′
(Ap, Bp) be the primary
decomposition of A. Then
∏′(Ap × Âp, Bp ×B⊥p ) is the primary decomposition of
A × Aˆ. Therefore the isomorphisms φp : Ap × Âp → Lp ensure that (Lp,∇p) is a
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standard pair for all p and that (Lp,∇p, Gp) a standard triple for all but finitely
many p.
Conversely, suppose that (Lp,∇p) is a standard pair for all p and (Lp,∇p, Gp)
is a standard triple for all but finitely many p. Then there exist topological p-groups
Ap and isomorphisms φp : Ap× Âp which take the standard symplectic self-duality
on Ap × Âp to ∇p for all primes p. Furthermore, for all but finitely many p, there
exist compact open subgroups Bp of Ap such that that φp(Bp × B
⊥
p ) = Gp. Set
A =
∏′
(Ap, Bp). Then Aˆ =
∏′
(Âp, B
⊥
p ). The isomorphism φ : A × Aˆ → L whose
restriction to Ap × Âp is φp takes the standard symplectic form on A × Aˆ to ∇,
thereby demonstrating the standardness of (L,∇). 
Theorem 11.2 (Non-standard pairs). For each odd prime p, let (Lp,∇p, Gp) be a
triple from Theorem 10.13. Let L =
∏′
(Lp, Gp) be a restricted direct product over
all odd primes. Then ∇ is a symplectic self-duality of L such that (L,∇) is not a
standard pair. In fact, L is not isomorphic to A× Aˆ for any locally compact abelian
group A.
Proof. That (L,∇) is not standard is a consequence of Theorems 10.13 and 11.1.
Suppose that φ : A × Aˆ → L is an isomorphism for some locally compact abelian
group A =
∏′(Ap, Bp). Then φ maps Bp×B⊥p onto Gp for all but finitely many p.
This forces Gp to satisfy (9.1.2) for all but finitely many p, which contradicts the
proof of Theorem 10.13. 
Theorem 11.3. Let ∇ be a symplectic self-duality of a divisible locally compact
abelian group L. Then (L,∇) is a standard pair.
Proof. By the classification theorem for divisible self-dual locally compact
abelian groups [19, Corollary 6.14],
L ∼= Rn ×Q⊕λ × Qˆλ ×
∏′
p prime
(Lp, Gp)
where Lp = Q
np
p and Gp = Z
np
p for some cardinal number λ and integers and
integers n and np. Theorem 6.3 can be used to reduce to the case where L is
residual, which means that L =
∏′
p(Lp, Gp). Let ∇p be the restriction of ∇ to
Lp. The morphism ∇p takes values in L̂p, giving a symplectic self-duality of Lp.
By Corollary 5.5, (Lp,∇p) is a standard pair for all p. For all but finitely many p,
Gp is a maximal isotropic subgroup of Lp. For these p, (Lp,∇p, Gp) is a standard
triple by Theorem 10.15. Thus Theorem 11.3 follows from Theorem 11.1. 
The treatment below is based on the idea of the canonical filtration of a locally
compact abelian group that can be found in [7]. Namely, to each locally compact
abelian group L one associates a unique filtration by closed subgroups
LT ⊂ FZL ⊂ L
where LT is compact and connected, FZL/LT ∼= R
n ⊕ Ltoptor where Ltoptor is a
topological torsion group, and LZ := L/FZL is discrete and torsion-free. More pre-
cisely, using the Pontryagin-van Kampen structure theorem mentioned in Section 2
we may remove Rn and assume that L has a compact open subgroup G. Let LT
denote the identity component of G. Let FZL denote the pre-image in L of the
22 AMRITANSHU PRASAD, ILYA SHAPIRO, AND M. K. VEMURI
torsion subgroup of L/LT. Neither of these subgroups depends on the choice of G.
Note that the dual filtration on Lˆ, i.e.,
L̂Z = L̂/FZL ⊂ L̂/LT ⊂ Lˆ
is the canonical filtration on Lˆ.
Remark 11.4. Let ∇ be a symplectic self-duality of a locally compact abelian
group L. One immediately notes the following facts. The isomorphism ∇ identifies
LT with L̂Z, FZL with L
⊥
T
, and LZ with L̂T. The subgroup LT is isotropic, since
any map from a connected group to a discrete group (and L̂T is discrete) is trivial.
Recall that for an isotropic subgroup G ⊂ L, we set LG to be the subquotient
∇−1G⊥/G, which inherits a symplectic self-duality ∇G. In our case we see that
LLT is exactly FZL/LT, i.e.,
LLT = R
n ⊕ Ltoptor.
We also need the following [7, Proposition 3.3].
Theorem 11.5. If ι : A′ → A is an open embedding of locally compact abelian
groups and D is a divisible locally compact abelian group, then ι∗ : Hom(A,D) →
Hom(A′, D) is surjective.
We now describe a situation where the question of standardness can be reduced
to topological torsion groups.
Theorem 11.6. Let ∇ be a symplectic self-duality of a locally compact abelian
group L. If LT splits from L then (L,∇) is a standard pair if (LLT ,∇LT) is.
Proof. As pointed out in Remark 11.4, the subgroupLT is isotropic, and using
the peeling lemma, (L,∇) is the orthogonal sum of (LT× L̂T,∇
′) and (LLT ,∇LT)
where ∇′ is a symplectic self-duality of LT × L̂T for which LT is isotropic.
By Lemmas 4.2 and 4.3, to complete the proof, it suffices to show that the
component ∇′ : L̂T → LT is divisible by 2. We claim that in fact any map from
L̂T to LT is divisible by 2. Note that since L̂T is discrete and torsion-free, the
multiplication by 2 map is an open embedding. Of course LT itself is divisible and
so by Theorem 11.5 we are done. 
It is worth pointing out that there exist pairs (L,∇) where LT does not split
off, and we have seen examples (Theorem 11.2) where (LLT ,∇LT) is non-standard.
Thus both hypotheses of Theorem 11.6 are non-trivial, however, below we describe
some cases where they are satisfied.
Corollary 11.7. Let ∇ be a symplectic self-duality of a locally compact abelian
group L. If LT is isomorphic to T
n for some positive integer n, then (L,∇) is a
standard pair if (LLT ,∇LT) is.
Proof. The subgroup LT splits from L [1, 6.16] so Theorem 11.6 applies. 
Corollary 11.8. Let ∇ be a symplectic self-duality of a locally compact abelian
group L. If Ltoptor is finite then (L,∇) is a standard pair.
Proof. Using the peeling lemma as explained in the proof of Theorem 6.3 we
may assume that L has a compact open subgroup, i.e., that L has no Rn part.
Since Ltoptor is finite, FZL is compact. Consider the exact sequence
(11.9) 0→ LT → L→ L/LT → 0;
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we claim that it splits. Indeed ∇ identifies FZL with L̂/LT so that L/LT is discrete,
i.e., LT → L is an open embedding and so by Theorem 11.5 it splits off since LT is
divisible. Furthermore, note that (LLT ,∇LT) is standard by Corollary 5.7 as LLT
is a finite group. 
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